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Abstract. In this paper some new exact path integral treatments are presented. These are
the path integrals for the symmetric top, the ‘smooth step’, the Rosen-Morse- and the
Manning-Rosen-potential. By appropriate spacetime transformations these path integral
problems can be reduced to the path integral problem of the Péschl-Teller potential.

1. Introduction

In the last ten years there has been remarkable progress in calculating path integrals
explicitly. The initiative was given by Duru and Kleinert [1] with their treatment of the
hydrogen atom. The clue for solving this path integral problem successfully was to find
simultaneously a coordinate- and time-transformation (‘spacetime transformation’) to
reiormulate the hydrogen problem in terms of the harmonic oscillator which was a well
known and already solved problem. This idea of attacking path integral problems by
performing spacetime transformations has since been marvellously fruitful and much
of the following work is based on that idea.

Here we want to add some further examples. As we shall see, we must perform in
three out of four cases a spacetime transformation and we need in all the examples the
results of the path integrals of the (modified) Poschl-Teller potential. Let us summarise
in short the results of these two path integrals and the results of the technique of
spacetime transformations in path integrals.

(1) The Poschl-Teller (PT) potential with some numbers x and £ is defined as

VPT(x) = 1 (K(K— D, M- ”) 0<x<mn/2 (1)

2m sin2 X cos? x

This class of potentials was first discussed by Poschl and Teller [2]. A detailed
discussion can be found, for example, in Constantinescu and Magyari [3] and Barut
et al [4]. The path integral solution for this potential can be achieved by means of
the path integral over the SU(2) manifold, and it was successfully studied by Duru [5],
Inomata and Kayed [6] and Béhm and Junker [7]. Alternatively, a simple form can be
studied with the help of the rigid rotator (8, 9].
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Some care is needed in the path integral formulation for the Pdschl-Teller potential.
Looking carefully at the lattice derivation (7, 5] for the path integral we see that we
must use a functional measure formulation similar to the one used in the lattice
formulation for the radial harmonic oscillator [8, 10, 11]. This has the consequence
that the following interpretation scheme must be used, namely (we use units i =1):

1 aya
PT, # . m 5, kK(k—=1) AlA—1) )d]
STy — i — t
KW (x",x;T) fDx(t)exp[xj; <2>< Ty 2o
im "
= f Dx(t)p, . [sin x, cos x] exp(7 f % dr)
;

i2

m N/2N=I n;2
= lim - Hf dx"
Nox \ 2mie Ll ./,
j=1

II'L‘H\[Sm’< »COS X(J)]exp<2 (xU — U_”)Z) 2)

j=t

where the functional measure u,, is given by (we use the notation sin? 9V =
sin 8Y sin BY-D ete):

N
H; [sin x,cos x] = lim H; . [sin xY', cos x1]
. Jm

j=1

27zm Y
= H 1 xU'cos xU)
\—»7 -
x exp( (sin? 2 Xl 4 cos? x‘”))l/ 1 2(—sm x\ )]K_l/,Q(,—COSZ xU)>.
ie ie

3)

The first line in (2} has only the symbolic meaning that formally the potential appearing
in the Schrédinger equation translates into | Dx exp(i x Action). We want to emphasise
that only the functional measure formulation has a well defined lattice formulation. The
usual expansion of the modified Bessel function I,(z) ~ (2rnz)~"/? exp[z —(vZ—1/4)/22)]
(z = x, arg(z) # 0) (or equation(3.15) in [12], respectively) seems very suggestive but
gives in the lattice formulation the wrong boundary behaviour of the corresponding
short-time kernels and wavefunctions because the condition arg(z) # 0 is violated.
Instead of the correct behaviour we would get a highly singular one. But it is not the
scope of this paper to discuss these features in detail; this will be done elsewhere [13].
The path integral solution for the Poschl-Teller potential now reads:

s .T
KPT(x",x';T) = Z exp(—x—()\' + i+ 2n)2> YT (xXYPPT(x") (4)
o 2m

where

YT (x) = <2(x+2_+2n) n'l(k+/4+n) )‘/2
" )

Fk+n+ PIi+n+1

x (sin x)"(cos x)* P~V 24=1D (1 _ 25in? x). (5)
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Here the P*#(z) denote Jacobi polynomials.
(ii) The modified Pdschl-Teller (MPT) potential with some numbers # and v is
defined as

PMPT (1 = L (”('7_1)—"("_1’> r>0, (6)

N bl
2m \ sinh?r cosh”r

Classical studies of this problem have been presented by Frank and Wolf [14] and
Barut et al [15], whereas the path integral treatment by means of the path integral over
the SU(1,1) manifold is due to Bohm and Junker [16, 7]. The special case v(v — 1) =0
can be studied with the help of the path integral on the pseudosphere [17]. Again
we must use a functional measure formulation similarly to the previous one and the
following interpretation scheme for the modified Poschl-Teller potential must be used:

ot ) -1 viv—1)
KMPT G oo =fDrt ex [1] (Tr"— ntn + )dt]
) (t)exp o\ 2 2msinh®r  2mcosh’r
. im v 5
= fDr(t)un.‘,[smhr,coshr] exp(—z—f r“dt)
;
\/2\ —1
- .\hm (27‘(16) f drt

N .
X H#n‘[smh rY, cosh r¥!] CXP<2E (rU) — u—l))2> o
Jj=1

where the functional measure y, , is given by

Hy, [sinhr,coshr] = lim H u, . [sinh rV', cosh V]
N N
. 2om\ " Ty o~ ——
= lim (— H sinh rU'cosh ri}
N—x €

j=t

X exp(-—g(sinh2 rU) — cosh? rU’)>1,, 1/2< sinh?7 r{j) )

X lv_m(ﬂcosh2 rU’) (8)
€

Of course, the same line of reasoning as before is also valid for KMPT a5 far as
the functional measure is concerned. Adopting the notation of Frank and Wolf the
path integral solution reads (define 2s = n(y — 1), —2¢ = v(v — 1) and introduce the
numbers kl,k2 which are defined in terms of ¢ and s as k; = §[1 £ (§ — 20)'/?],
ky =301+ (3 +29)3):

‘N’_\‘]
KMPT(" r' T = Zexp —TE)PEs (rypls) ()

f dkexp(—lT; )\y‘“ SRR ). ©9)
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Here Ny, denotes the maximal number of states with 0,1,...,n < Ny < k; —k,— 1. The
correct signs depend on the boundary conditions for r — 0 and r — oc, respectively.
In particular one gets for s = 0 an even and an odd wavefunction corresponding to

ky = 4, 4 The bound states are explicitly given by:

\PU\ll\g)(r) = N,IIA"‘:)(Slnh r)2k3—l/2(cosh r)—2k1+3/2
x F\(=k; + ky + x,—k, + ky — x + 1;2k,; —sinh? r)
_ (2n!(2kl - DIk —n-1
~ \ T2k, + m)[(2k, — 2k, — 1)

1/2
) (sinh r)Zkg—l/Z(Cosh r)2n~2k|+3/2

1 —sinh®r
2ka—1.2(k;—ky—m)—1}
XP"[ | | < cosh?r > 10)
Ntk L ((2x— D (ky + ky — 1) T(ky +ky + K — 1))”2
" T(2k,) Tk, —ky + k)T (ky —ky —x + 1)

and E, = —(1/2m)(2x — 1)> = —(1/2m)[2(k, — k, — n) — 1]%. The continuous states are

lPLk[.k;)(r) — N’ikl.kg)(cosh r)Zkl—l/Z(Sinh r)2k3—1/2

X o F, (ky + ky — k. ky + ky + Kk — 1;2k,; —sinh? r) (11)
ok 1 ksinhzk\'"?
tky k)
12 = k k‘) — K
N, nr(2k2)< 5 ) (F(ky + ky — K)

x T(—k, + ky + )T (k; + ky + K — DT (=k, + ky —x + 1)]"/2

where k = (1 +ik) (k > 0) and E = k*/2m.
(ili) Let us now discuss the general method for a spacetime transformation [8]. It
works as follows. One starts with the path integral

K(x”,x';T):fDx(t)exp [nf (;xz—V(x)—un(X)>dt] (12)

(un = (1/8m)(I'? + 2I") is a quantum potential due to a non-trivial metric, see below),
where it is assumed that the effective potential V + un is so complicated that a direct
evaluation is not possible. One then defines a new ‘time’ s together with a coordinate
transformation x(t) — q(s), s(¢ j (da/f [x(0)]) and x = F(q) with some well defined
positive functions f and F, where we further assume that the relation f (F(q)) = [F'(g)]?
holds. Let us consider the Legendre-transformed general one-dimensional Hamiltonian

1 [ d?
HE=_ﬂ<d 2+I'(x)—)-+—V(x)—E (13)
which is Hermitian with respect to the inner product (f|,f,) = j'fl (x)f4(x)J (x)dx),

where {( ) = exp(j' F(x)dx) Let us define the quantities G(q) = I'(F(q)), /g = J(q) =
exp([* I'(¢')dq), T'(q) = G(9)F'(q) — F"(9)/F'(q) and

1/d I .
p, = T(@ + '2'1—(‘1))
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where p, is, of course, a momentum operator which is Hermitian with respect to the

scalar product (f,f,) =] f1(9)f2(q)Vg(q)dg. With the constraint f(F(q)) = F%(q) we
thus obtain the spacetime-transformed Hamiltonian H = fHp:

- 1 -
A(pya) = 3-p; +J (F@)V (F(g) = E1 + 7 (a) (14)

with the well defined quantum correction

> o LL(F@\ _F'@ 2 L 5oV F
un“”‘%[3<p—@) 2Fg * (C@F@)" +26@F (q)]. (15)

Now assume that the constraint j(s) ds f[F(q(s))) = T (s(¢t") = s") has for all admissible
paths a unique solution s” > 0. Of course, since T is fixed, the ‘time’ s” will be
path dependent. We must incorporate the constraint into the path integral and define
the energy-dependent Feynman kernel G(x”,x';E) (Green function) via the Fourier
transformation

1 L
K(x”,x';T)=%f e TEG(x",x";E)dE (16)

and obtain the transformation formula

O E) =l [ R gl (a7

which gives the energy-dependent kernel G as a time integral over the transformed
Feynman path integral K(g",q,s") = (¢"|e" " #|q'):

Rig"q'ss) = [ Dats exp[f (%qz—f(F(q))[V(F(q))—E]-—un(q))dS} (18)

where ¢ = dq(s)/ds, ¢’ = F~'(xX') and q" = F~'(x"). Here the measure Dgq(s) is defined
in the same way as Dx(t) in the path integral (12). This technique of spacetime
transformation was orginally developed by Duru and Kleinert [1]. It was further
developed by Steiner [18], Pak and SGkmen [19], Inomata [20], Kleinert [21] and
Grosche and Steiner [8]. The lattice derivation of the equations (16)—(18) is far from
beeing trivial but can be rigorously performed (e.g. by appropriate symmetrisation
rules and the well known midpoint prescription (which must be used in path integrals
on curved manifolds)).

The further content of this paper reads as follows. In §2 the path integral solution
for the symmetric top is presented, a problem closely related to the SU(2) path integral.
In §3 the path integral solution for the ‘smooth step’ function ¥ (x) = —V,/(1 +e¥/)
{(x € R, ¥, R > 0, constants) is calculated, a potential important in solid state
physics. Section 4 contains finally the path integrals for the Rosen-Morse potential
V(x) = Atanh(x/R)— B/ cosh’(x/R) (x € R) and for the Manning-Rosen potential
V(r) = Acoth(r/R) — B/sinh*(r/R) (r > 0, A, B,R > 0 denote constants). Section S5
contains some summarising remarks.
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2. The symmetric top

A quantum mechanical treatment of the symmetric top (ST) is due to Dennison [22].
He used it for describing the spectra of molecules with rotational degrees of freedom.
There is also a close relationship to the problem of an electron moving in the field
of a magnetic monopole [23]. The simplest top is, of course, where all three principle
moments of inertia are equal. This, in fact, is the SU(2) problem [5]. Here we want
to discuss the symmetric top, where only two principle moments of inertia are equal.
We introduce the Eulerian angles 6,y,¢ with 8 € [0,n], v € [0,2n] and ¢ € [0,2x].
The kinetic energy giving the rotational energy (= classical Hamiltonian = classical
Lagrangian) of a rigid body with the two principle moments of inertia 4 and B in
these coordinates is then given by (e.g. [24]):

Loy = (4/2)(8? + sin? ewz) B/2 (<b+cosefp)2
= (4/2)6° + 1 (A sin® 6 4 B cos® 0)* + (B/2)¢*> + Bcos O p¢
b

(A/2)g.44"q (19)

where ¢¢ (a = 1,2, 3) denote the three Eulerian angles and the metric tensor g, and its
inverse g% are given by (B = B/A):

1 0 0
(gab)=(0 sin?0 + Bcos? 6 Bcosf))

0 Bcosf B
(20)
1 0 0
(g = (0 1/sin* 6 —cqu/sinzﬁ)
0 —cos@/sin’8 1/B+cot?d
and the determinant g of g, is g = det(g,,) = Bsin?§. The Hamiltonian is
R Pf, A 2 2 cos

To construct Hamiltonians in quantum mechanics we must respect the ordering am-
biguity of position and momentum operators. Following our prescriptions given in
[25, 8], we start by considering the Hermitian momenta

/e
=iz +4n)

with Fq = éq In,/g. Thus

—l(i-% cot()) _le 1 22

For the Hamiltonian we can use the well known Weyl-ordering prescription

1
=4 <7 &"PuPy + 2P,8"Py + PuPy8") + Ay, (23)
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with the well defined quantum potential

1
AV = g5 (8T, + 218" Ty), +8" ) 29

or, respectively, the ‘product-ordering’ prescription [25]

H = hm PPy h(h + AV\M:\] + ¥ (Zhuc hh( huc.“hbcﬁ _ hu(:h hb(‘lu) (25)

with the decomposition g*» = h*h*. Due to the special nature of g*» and g,

respectively, the quantum potentials turn out to be equal for both prescriptions and
we find for the quantum Hamiltonian of the symmetric top:

H=

[E' 1 & <A+cot 9) &l 2005911]
062 9 sm2 6 5u>‘ B F¢ sin2 g @Ip 6(}5
pu (A 5 ) ) cos 8 ] 1 ( 1 )
+ ——+| 5 +cot 0 —2——p, —— 14+ -— 26
A[p" sin“6  \B Po ™ “GntelvPe] T84\ T sinl0 (26
The path integral for the symmetric top can now be constructed in the usual way [25, 8],

and in the ‘product- form’ definition (Ag"' = gV' —qU=1, gV = q(tV)y = q(¢' + je) (j =
0,1,. ),e=T/N=("—t)/N (N - x))itis

1
24
1

ro

KST(()’”, 0’, lf”~ lf/, d)//, ¢/; T) = f \/ng(T)Dlp([)D(ﬁ([)
. a A 1 .2 2 ) B., N
X exp 1] 50'+3(A5m'0+3cos 9)u~‘+5¢’+Bc056w¢
;
i 1
+ — 1+ — dr
84 ( sin” 8)] }
IN2 N-—1 1/2 pd 2 n
A B Y . .
- 1 bl g 4gth U ()
A\lrl_r,r_lﬁ<2ni€) H(A) bfo sin 8Y'd6 \f-ln dy L do

j=t

N
.\ A 5 0 1 sy - ; B ;
ZApD L 2gu 29UNAZHY £ ZAZpU)

Xexp{lg [26 6 +2€(Asm 84! + B cos® BU)Ay +26A ¢

i=1

B — _ , € 1
et BNALY ARV + - .
+ Ecos eV APY' + g (1 + — , )}} (27

sin® 6U)

We calculate this path integral by starting with a Fourier expansion:

K306 4"y ¢". ¢ T) = Z Z K3y(07,8; T)elt? —0neiM =y
L=—% M=—x
(28)
Koy (0".0':T)

5

1 T ”" o " "o ’" i Y My—1i "
82 f dy f dg"KET(8".0,y",y. ¢, s e HO ooy,
= J 2 0
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The condition of single-valuedness determines that L and M shall have integral values
either postive or negative and including zero [22]. We now obtain

Y 1 iTY | 4\
K700, T) = & exp(8A> lm(E)
N

N
B qad) 2 gy + €

1:_[( > f sin 8Y'dé exp[ljg‘( A6 8Asin29U’>:l

N

fﬁ dy¥ f deV' exp [21 <(A sin 04 + Bcogz\f)U’)Azww

BA*'¢Y +2B chEmAw‘f*Aqu’) ~iLAQY — iMAw‘f’]
_ 14 (Lol
= 822\ B e"p 2B 84
Wagu) 2g0)) €
2m€> Hf sin 8Y'd6 exp[Z( A9 +8Asin20‘i)>]

N 2r
X H f dw'”exp(zA sin’ GU’Az 'V 4 i(L cos OU) — )Aw‘”)
i=1

A" (sin @' sin §")~1/2 (LY U\ et o
( ) L_'gl;lj‘)_‘exP[‘lT(E_@j)]KiL(gﬁ;T) (29)

where the kernel K3}, is given by

. _ A (M — L cos 9)2 -3
RST (@' .0:T) = fD()t { f (—9 )dz}
L ) (Byexp i ¢y \ 2 24 sin’ 6
N z\ 1 N o
. / (M — L cos V)% — &
=1 gy ( AZpY — 4)] 30
NI <2me> f d CXP[ Z’ 24 sin? 6u) (30)

In the ¢- and y-integrations, respectively, the range of integration has been extended
in the limit N — =« from [0, 2n] to the entire R, which is standard in path integration
technique (e.g. [26]). This potential problem related to the symmetric top has also its
own right as a path integral, especially if one analytically continues in L and M to, say,
arbitrary real numbers. The path integral (30) can now be solved by a simple coordinate
transformation by means of the Péschl-Teller potential or SU(2) path integral (see also
(5] for a similar calculation), respectively.
We consider the Hamiltonian

I

|

1 42 M—Lcos)?—1
H=—57—+ - 31
24 d6? 24 sin’ 0 (31)

then perform the transformation (1 — cos ) = 2sin’x, i.e. x = 0/2, and arrive at the
transformed Hamiltonian

1:1=_Ld_3+(M—L)3—§ M+Ly—-3 I?
84 dx? 84 sin® x 8A4 cos? x 24°

(32)
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Thus we get the transformed path integral corresponding to the Hamiltonian H:

R3L,(0".6:T) = %exp(iTLz/ZA)I%(,\'”,.\": T)

P
= %exp(iTLz/ZA)fD.\‘(rm“_L_“\HLY[sin.\:cosx] exp<2iAf )'czdt>
.

s

. (d+s+2n+1)7 L7 PT s, ngyPT,
éexp[—ﬂ'(T ,)A>]‘V (XY, (x"). (33)

It

Here we used the notation of (4), where m =44, x =d+ 4 3.4 =5+ 7 withd = |M —~ L]
and s = [M + L|. Thus we get finally the path integral for the symmetric top:

KST(B// 0 U ) d)// (b

—Z 2 Z exp(—iTESHWST (0, ', oW1 (6", ", ") (34)

n=0M=—v L=—x

where the wavefunctions and the energy spectrum are given by

\‘PET(Q, i ¢) = NnSTeiL(ﬁeizW(p(] — cOoS H)H\I—vL\/z(] + ¢cos 0)“\1+L1,/ZP,:UV—LR\;WfL{)(COS 0) (35)

%)

NST:KA)“’ d+s+2n+0)n'Td+s+n+1) ]“

B 82 2d=s+l( \M LI+ (M + L| +n)!
ST _ [n+d+s+1)/2)]° - L/t 1 ]
E, Y i S\g 2/ (36)

We can introduce the quantity J = n+(d+5)/2 =0,1,2.... and can interpret the energy

as
JU+1) L7100t
ST _ = {22 37
E 24 +2<B A) (37)

For A = B we recover the SU(2)- and SO(3)-spectrum, respectively. Note that

d+s
2

|L] IL| =z M|
M | M| = |L|.

=%(L+M[+%{L——M{={ (38)
This suggests that J.L and M may be interpreted as representing angular momentum
and it can be in fact shown that, e.g., the total angular momentum P can be described
by P? = J(J + 1). For a detailed discussion of these features see [22].

As a final result we consider the kernel K3}, interpret the numbers L and M as,
say, arbitrary real numbers and obtain the path integral identity:

7 /A., (M—Lcos#)?—1
DO(t) ex 1f (_9~— i “>dt]
f " p[ »\2 24 sin’ 0

< { ((2n+d+s+])
= exp|—— —T__,_

Lz)] WP (cos 8')PT (cos 0”) (39)

in the notation of (4), {5) and (34). In (39) a functional measure formulation must be
used if needed.
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3. The smooth step

Let us consider now the path integral for the ‘smooth step’ potential (x € R) V(x) =
—Vo/ (1 +eF):

K(x" "T)—fD {t) ex ifrﬂ('ﬁx%» d >dt] (40)
(X » X s - X p v 2 1+ x/R

Potentials like this are important in solid state physics. They can smear out the potential
step at metal-vacuum interfaces. Following our prescription for a general spacetime
transformation in path integrals we start by considering the Legendre-transformed
Hamiltonian Hg:

He =5+~ —z —E. (41)

We perform the transformation (1 +e¥®)~! = tanh?r, introduce the momentum oper-
ator p, = (1/i)[(d/dr) + %I",] (T, = 1/(sinhrcoshr)) and define a new ‘time’ s by dt =
fg(s))ds, with f(r) = 4R?coth? r. Thus we have AV = (1/8m (3/cosh’r+1/ sinh? r)
and arrive at the spacetime-transformed Hamiltonian H = f (r) HE

. P 8mRE + } 3

H = —4RYE +V,) — - : 42
2m ( o 2msinh?r  8mcosh’r 42)

Therefore the spacetime-transformed path integral K is (v = —%,3; n = § £ V—-8mR2E):

R(r”,r';s”)=exp[is”4R2(E+Vo)]fD"(S)ll,,,v[SinthOSh"] CXP(I“;‘?f fzds)' (43)
0

This path integral is a special case of the modified Poschl-Teller potential as discussed
in the introduction. Equations (9) and (11) give immediately the solution yielding
(there are no bound states)

% ’ o n * ) kz
R(r",r';s") = exp[is"4R*(E + V)] f dk exp(-ls haal
0

2m>\PLk1.k;j'(r/)\Pikl.kz)(r//)- (44)

Due to the boundary conditions ‘-PLkl‘k” — 0 forr - 0 we get k;, = 0 and &k, =
1(1 + V—8mR?E). Performing the s” integration gives therefore

Wiiep (x) Psiep (")
E) ep tep
G(x",x'; f e T (45)

The energy spectrum is E, = (k*/8mR?*) — V, and has a constant shift V. The
wavefunctions are given by (y = (1 +e¥R)~!, p = V2mER2, k = \/2mR2(E + Vy)):

Woiep(X) = NyP(1 — 3)", F\i(p + k), i(p + k) + 151 + 2ip; y]

_( k sinh 7k sinh 2mp )‘/2
8pn R sinh n(p + k) sinh n{p — k)

(46)

This is the correct result [3].
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4. The Rosen—Morse and Manning—Rosen potential

4.1. The Rosen—Morse potential

Let us first consider the path integral for the Rosen-Morse (RM) potential F'RM(x) =
Atanh(x/R) — B/coshz(x/R), (x € R, A4, B, R positive constants):

RM (¢ x, ;1 T) = [ (e ; )d] 47
K™ (x",x,.T) fDx(t)exp[l‘/; (2x Atanh(x/R)+coshz(x/R) tl. 47)

The potential ¥'®M was introduced by Rosen and Morse [27] to discuss the spectra
of polyatomic molecules. With this potential one can also study the penetration
of electrons through a potential barrier [28]. Further contributions with explicit
determination of the normalised wavefunctions are due to Nieto [29] and, by the
factorisation method, by Barut, Inomata and Wilson [15]. The Rosen-Morse potential
has a discrete and continuous spectrum and thus a ‘hidden’ SU(1,1) symmetry. There
is already a path integral solution for ¥'RM by Junker and Inomata [12], but their
treatment is based on the SU(2) path integral instead of the SU(1,1) path integral.
Therefore these authors did not obtain the continuous part of the spectrum.

We proceed similarly to the previous section. Let us start with the Legendre
transformed Hamiltonian H:

Py

d- x B

1
Hy=——~— 4+ Atanh> - — % _ _E 48
E 2m dx? R cosh*(x/R) (43)

We perform the transformation %(1 + tanh(x/R)) = tanh?r, introduce the momentum
operator p, = (1/i)((d/dr)+%l’,) with I', = 1 /(sinh r cosh r). We define a ‘time’ s together
with the coordinate transformation x(t) — r(s) with F(r) = R tanh~!(2tanh?r — 1),
f{r) = R*coth’r and AV = —(1/8m)(3/ cosh? r+ 1/ sinh? r). Thus we get the spacetime-
transformed Hamiltonian H = f(r)H,:

g P 2mRAA+E)+;  8mBR+ 3

Zm 2msinh?®r "~ 2mcosh’r

and the spacetime-transformed path integral K is (n = % + -2mR2(A+E), v =
%i\/1+8mBR2):

+R*A4—E) (49)

R(r",r';s"y = exp[is"R*(A — E)) f Dr(s)u,, [sinhr,coshr] exp(l—gz f r'zds)
0
Ny

= Z explis"[(E — A)R? — E |} Pk (p/ypikika) ()
n=0

n

+ f dk exp{is” [(E — A)R? — (K2/2m)] pwkeks)” (/i) (1) (50)
0

in the notation of (9). Performing the s”-integration (cf equation (17)) and respecting
the correct boundary conditions for x — +oc yields

Ny RM*/ rwRM /o =« RM *( /g RM 1
b 4 b 4 b 4
) | [ g W ) -
0

G //’ /;E=
(3B = 3 ERM _E A+ (k2/2mRY) —E

n=0
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The wavefunctions and the energy spectrum are given by (s = v'1 + 8mBR2,0,1,....n <
Ny < Hs=1)—/mlAIR% ky = L(1+s), ky = 11 + §(s = 2n— 1) = [2mAR?/(s — 2n = 1)),

= %[1 + tanh(x/R)], note k, — % > 0, we use a slightly different notation from [15,
290

rv NIRRT 12—k k
WRM _ Tn WV — ) TR F (—ny s — i 2k u)
n \/§ 241

_ ( sn!'l(s—n) )”2
© \R2IT(2ky — (s — 2ky —n + 1)

x (1 — tanh(x/R))**7%7"(1 + tanh(x/R))*~"/2
x P}is‘Zk:~2n.2k:—l } (tanh(x/R)) (52)

—2n—1)° 2mA*R?
E’}}M - (S n ) + m
8mR? (s—2n—1)2

(53)

The wavefunctions and the energy spectrum of the continuous states are given by

(ky = (1 +ik), k = /2mR¥ (A + E,) > 0):

(1 — )28

A+ s+itk— k)] 5L —s+ilk— k)] 1+ ik;u) (54)

and E, = A + k?/2mR?. These are the correct results [15, 29]. They can further
be checked by inserting the wavefunctions (52), (54) into the Schrédinger equations
corresponding to the Hamiltonians Hp and H (48), (49), respectively.

4.2. The Manning—Rosen potential

Now we shall discuss the Manning-Rosen (MR) potential ¥"MR(x) = B/sinh?(x/R)—
Acoth(x/R), (x > 0, A4, B, R positive constants). MR was introduced by Manning and
Rosen [30] to study vibrations of diatomic molecules. It can furthermore be used for
describing the Kepler problem in a space of constant negative curvature [31]. The path
integral for the Kepler problem in a space of constant positive curvature was discussed
by Barut, Inomata and Junker [32]. The path integral for VMR is

B
KMR ’ fD ex l: f <T2_+_A thi-——————)d[] 55
x(yexp |i 20 TN R T Gnhl(x/R) 53

Again we consider the Legendre-transformed Hamiltonian Hg:

1 d? B
H, = — —A coth +————-—FE. (56)
2mdx sinh“(x/R)
Performing the transformation %(1 — coth(x/R)) = —1/sinh?r yields:
-~ p} 2mRYE-A)+}1 8mBR*+ 3
b 2RE-Ar; 8m i _(E+ AR (57)

2m 2mcosh?® r 2msinh?r
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Here we have introduced the momentum operator p, = (1/i)[(d/dr) + %Fr] r, =
—1/{sinhr coshr)) together with the time transformation dt = f(r)ds, where f(r) =
R*tanh’r. With AV = (1/8m)(l/cosh2 r+3/ sinh? r) we thus arrive at the spacetime-

transformed path integral (7 = 3 + V1 + 8mBR?, v = 1 + \/=2mR¥(E — A)):

~

R(r",r,:s") = exp[is"(E + A)R"] f Dr(s)u,, [sinhr,coshr] exp(i f %r‘z ds)
0

Ny
= Zexp{ls (E + AR? — EJJWPH ()Pl 7
n=0
f dk exp{is"[(E + A)R? — (k2 /2m)] )P4 oyl 22 ) (58)

again with the notation of (9). Performing the s”-integration (cf equation (17)) yields:

G(X'", X E) =

Ny q’yR.(X’)WLVlR(xU) . ’ l}’?’“" t(x/)q/}t(vIR(x//)
(59)
0

o EMR . F (k2/2mRY) —A—E’
Respecting the correct boundary conditions for x — 0 and x — oc gives k; = %[(H—%(H—
2n+1)+(2mAR? /(s+2n+1))] and ky = ,<1+v1 + 8mBR?) (1+s The wavefunctions
and the energy spectrum of the bound states read (0, l,...,n <Ny <vm AR? — —( + 1),
u = (1 —coth(x/R)), note n+ } —k, < 0):

WMR () = N*(’k]‘k:)(u—1)“’2)—*“"u‘l“*“f”” F (-—n 2k —n—1;s+1; : )
n - \/ﬁ 241 » 1 1__
B [ 2k, — T2k, —n— 1) }"'3
RIfn+s+ NHI'2kj—s—n—-1)

X (14+e7 )% exp{=2x[k; — (1/2)s — n — 1]} P2=275729 (1 _ 2¢=2) (60)

(s+2n+ 1) 2mA*R?
EMR _ _
" ( dmR:? + {s+2n+ 1)2) (61)

The wavefunctions and the energy spectrum of the continuous states are given by

(k, = L1 +ik), k = /2mRY(E, — A) > 0):

N(kp‘\:? ~
"P?AR(X) = Yk u-—lk,l(u _ 1)[ik—(l+.sl]g2

VR

< JF, 1+S+l(k~k),1+S~1(k+k);s+l' 1
2 2 1~u

(62)

and E, = (k%/2mR?) — A. This is the correct result {15], which can be checked by

inserting the wavefunctions (60), (62) into the Schrédinger equations corresponding to
the Hamiltonians H; and H (56), (57), respectively.
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5. Summary

In this paper several further examples of exact path integral treatments have been
presented. These have been the path integral for the ‘smooth step’, the Rosen—-Morse,
the Manning-Rosen potential and the symmetric top. All examples have a close
relation to the usual Poschl-Teller potential (for a pure discrete spectrum as for the
top) or to the modified Pdschl-Teller potential (if the spectrum is also continuous).
As already noted, these two path integrals are derived by means of the path integrals
of free motion over the SU(2) and SU(1,1) manifolds, respectively. This establishes a
close relationship between free motion on curved manifolds and potential problems.
But (e.g. [5, 33]), ‘it is well known that all of the special functions which appear as
solutions of problems in theoretical physics are the matrix elements of some Lie group.
Because of this fact, if one parameterises the problems suitably with their symmetries,
it may be possible to relate their path integrals to the ones written for the motions on
the appropriate group spaces’ [5].

We have also discussed the problem of the correct functional measure to be used in
the path integral of the the Pdschl-Teller and modified Poschl-Teller case, respectively.
The usual expansion of the modified Bessel function seems very suggestive but gives in
the lattice formulation the wrong boundary behaviour of the corresponding short-time
kernels and wavefunctions. This is very analogous to the radial path integral which
has been discussed in great detail in [8, 11].

The examples solved in this paper suggest that the two Pdschl-Teller path integrals
play an analogous important role for applications as the path integral for the radial
harmonic oscillator [10]. In a forthcoming publication we use these three path inte-
grals (Poschl-Teller, modified Poschl-Teller and radial harmonic oscillator) to give a
classification scheme (similar to the classical factorisation method of Schrédinger on
the operator level as reviewed by Infeld and Hull [34]) of the known path integral
solutions [13].
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